Abstract. Let S be a concrete operator system in B(H) and let A be its generated C * -algebra. We prove Arveson's hyperrigidity conjecture when A is a separable Type I C * -algebra.
Introduction
Hyperrigidity of operator systems may be viewed as an investigation of Korovkin-type theorems in a noncommutative setting. Let X be a compact Hausdorff space and let C(X) be the continuous complex-valued functions on X. Let M be a function space in C(X); that is, a unital, linear subspace of C(X) that separates X. Let K(M ) be the set {φ ∈ M * : φ(1) = 1 = φ }. This is a compact convex subset of M * called the states of M . Within K(M ) are the evaluation functionals ev x , and using them, we define the Choquet boundary of M :
∂ M := {x ∈ X : ev x is an extreme point of K(M )}.
The space M is called a Korovkin set if whenever {φ n } is a sequence of positive maps from C(X) to C(X) such that φ n (f ) − f → 0 for all f ∈ M , then φ n (f ) − f → 0 for all f ∈ C(X). The classical Korovkin theorem asserts that the set of functions {1, x, x 2 } is a Korovkin set for C([0, 1]).
In [Šaš67] ,Šaškin showed the following important connection between certain Korovkin sets and Choquet boundaries: a function space M in C(X) is a Korovkin set for C(X) if and only if the Choquet boundary for M is X. The main result of this paper is to obtain a noncommutative version of this result for separable Type I C * -algebras. More specifically, for a concrete operator system S generating a C * -algebra A, if the noncommutative Choquet boundary (modulo unitary equivalence) is all of the spectrum of A, does S have a Korovkin-type property for sequences of ucp maps? This is the hyperrigidity conjecture, proposed by W. Arveson in [Arv11] . Even in the commutative case, the answer was unknown. In this paper, we answer this question in the affirmative when A is a separable Type I C * -algebra. The main result is the following Theorem. Let S be a separable concrete operator system generating a Type I C * -algebra A. If every irreducible representation of A is a boundary representation for S, then S is hyperrigid.
One consequence of this theorem is that in the separable Type I case, if every irreducible representation is a boundary representation for S, then every representation of A has the unique extension property.
The noncommutative Choquet boundary has received a considerable amount of attention lately. In [Arv08] , Arveson proved that every separable operator system has "sufficiently many" boundary representations. This result was improved in [Kle] , where the author showed that the noncommutative Choquet boundary is a boundary in the classical sense. Recently, Davidson and Kennedy ([DK13] ) generalized Arveson's result to the nonseparable case, settling an influential problem from [Arv69] . Despite its long history, many lines of inquiry in noncommutative Choquet theory remain unexplored. The theory has connections to other areas of operator algebras, including noncommutative convex sets and peaking phenomena for operator systems. Korovkin-type properties for sequences of ucp maps, the subject of this paper, are but a small part of a long list of potential applications.
We establish some definitions, notation, and conventions. Let H be a complex Hilbert space and let B(H) be the bounded linear operators on H. A concrete operator system is a unital self-adjoint linear subspace of B(H), and it serves as a noncommutative generalization of a function space. A completely positive (cp) map is a linear map φ between operator systems S 1 , S 2 such that for all n, φ (n) : M n (S 1 ) → M n (S 2 ), where φ (n) ((s ij )) := (φ(s ij )), is a positive map. When φ is unital, it is a unital completely positive (ucp) map. We denote by UCP(S 1 , S 2 ) the set of ucp maps from S 1 to S 2 . A representation π of a C * -algebra A is a * -homomorphism from A to B(K) for some Hilbert space K. All representations will be nondegenerate in the sense that the closed span of π(A)K is all of K.
A C * -algebra A is Type I if A * * is a Type I von Neumann algebra. It is nontrivial that this is equivalent to being a GCR C * -algebra, meaning every irreducible representation contains nonzero compact operators in its range. Among C * -algebras, the Type I algebras are distinguished by having a nice representation theory, in the sense that two irreducible representations are unitarily equivalent if and only if they have the same kernel. A wider class of C * -algebras are those which are nuclear ; i.e., those C * -algebras A such that for any C * -algebra B, there is a unique C * -cross norm on the algebraic tensor product of A and B making it a C * -algebra.
Metric properties of representations with the UEP
Let S be a concrete operator system in B(H) and let A be the unital C * -algebra that it generates. When A and H are separable, the spaces UCP(S, B(H)) and UCP(A, B(H)) are compact, Hausdorff, and metrizable in the bounded weak or BW topology. In this topology, a sequence {φ n } of ucp maps on (say) S converges to a ucp map ψ if for all ξ, η ∈ H and all s ∈ S,
as n → ∞. On A, when ψ is a * -homomorphism, we can use this to get "bounded strong-*" (BS*) convergence.
Lemma 2.1. Let {φ n } be a sequence of ucp maps from a C * -algebra A to B(H) converging in the BW-topology on UCP(A, B(H)) to a * -homomorphism π. Then for all a ∈ A and all ξ ∈ H,
Proof. The idea for the proof is from p. 57 of [Dav96] .
Note that φ n (a * )φ n (a) ≤ φ n (a * a) for all n by Kadison's inequality, and so
and each summand on the right goes to 0 as n tends to ∞, for all a ∈ A and all ξ ∈ H.
Let E ⊂ F be operator systems, and let φ : E → B(H) be a ucp map. By a fundamental theorem in [Arv69] , there exists a ucp mapφ : F → B(H) such thatφ| E = φ; i.e., φ has an extension to a ucp map from F to B(H). For an operator system S ⊆ A := C * (S) ⊆ B(H), if a representation π of A is such that π| S has a unique extension to a ucp map from A to B(H), we say that π has the unique extension property (UEP) relative to S. (We also say "π| S has the UEP".) In other words, π| S has the UEP if the only ucp extension of π| S is π. An irreducible representation with the UEP relative to S is a boundary representation for S. Boundary representations are a noncommutative analogue of Choquet points for a function space. In general, it is not so easy to determine when a representation has the unique extension property, and few alternative characterizations of the UEP are known. In the next proposition, we give a new characterization of the unique extension property in terms of BW-convergence.
Proposition 2.2. Let S be a separable concrete operator system, and let A be the C * -algebra it generates. Let π be a representation of A acting on a separable Hilbert space H. The following are equivalent:
(1) π| S has the unique extension property; (2) for any sequence {φ n } in UCP(A, B(H)) such that {φ n | S } converges to π| S in the BWtopology on UCP(S, B(H)), the sequence {φ n } converges to π in the BW-topology on UCP(A, B(H)); (3) for any sequence {φ n } in UCP(A, B(H)) such that {φ n | S } converges to π| S in the BWtopology on UCP(S, B(H)), there exists a subsequence {φ n k } that converges to π in the BW-topology on UCP(A, B(H)).
The same is true if we replace BW-convergence by BS-convergence.
Proof. Note that (2) ⇒ (3) is trivial.
(1) ⇒ (2): As noted above, the BW-topology on UCP(A, B(H)) is Hausdorff and metrizable, and UCP(A, B(H)) is also compact in this topology. Because of this, we can take advantage of elementary results about convergence of sequences in compact Hausdorff metrizable spaces. The sequence {φ n } must have a BW-convergent subsequence {φ n k }; call its limit φ. Now by assumption, {φ n k | S } BW-converges to π| S . We see that φ| S = π| S . Because π is assumed to have the UEP, we have φ = π. Now every BW-convergent subsequence of {φ n } converges to π, which implies that {φ n } itself BW-converges to π.
(3)⇒(1): Obvious. Let φ be an extension of π| S ; take φ n = φ for all n. Then (3) implies {φ n } BW-converges to π and so φ = π.
Hyperrigidity revisited
Arveson formulated a noncommutative version of a Korovkin set as follows. Let S be a concrete operator system S and let A be its generated C * -algebra. We call a representation π : A → B(K) hyperrigid if whenever {φ n } ⊂ UCP(B(K), B(K)) satisfies φ n π(s) − π(s) → 0 for all s ∈ S, then φ n π(a) − π(a) → 0 for all a ∈ A. A hyperrigid representation must have the UEP; the converse of this is probably false. We say that an operator system S is hyperrigid if every faithful representation of A is hyperrigid. Arveson introduced this notion in [Arv11] while exploring Korovkin-type theorems for C * -algebras. We argued in the previous section that it is more natural to require that {φ n π} (or a subsequence) converges to π in the bounded-weak or bounded-strong(*) topology on UCP(A, B(K)), as this leads to a characterization of representations having the UEP.
In [Arv11] , Arveson proves that when S is separable, S is hyperrigid if and only if every representation has the UEP relative to S. It follows that when S is hyperrigid, every irreducible representation is a boundary representation. The converse of this statement is the "hyperrigidity conjecture". [DM05] showed this is true when the C * -algebra generated by S has a countable spectrum. Arveson later obtained a partial result for commutative C * -algebras: he showed that if every irreducible representation of C(X) has the UEP relative to a function space generating C(X), then there is a "local" unique extension property for arbitrary representations. Yet the truth of the conjecture was unknown until now. We show that the conjecture is true when A is a separable Type I C * -algebra, a class that includes those C * -algebras with countable spectrum, all separable commutative C * -algebras, and a great deal more.
Dritschel and McCullough
Let A be a C * -algebra and let B be a C * -subalgebra. A conditional expectation from A to B is a completely positive projection of norm 1. A C * -algebra A is injective if for every faithful representation π of A acting on the Hilbert space K, there exists a conditional expectation E :
We recall some basic facts about direct integrals of Hilbert spaces and decomposable operators. Let (X, µ) be a standard Borel measure space and let H x be a separable Hilbert space for each x ∈ X. A measurable field of Hilbert spaces is a vector subspace V of Π x∈X H x satisfying some natural measurability conditions (see [Bla06] ), and whose elements we refer to as measurable vector fields. We can obtain a Hilbert space H from V by considering the set of measurable vector fields ξ such that
Identifying vector fields which agree almost everywhere, and defining
we can show that H is a Hilbert space. We write
is a measurable field of bounded operators if (a x ξ(x)) is a measurable vector field for each measurable vector field ξ. When the family (a x ) is uniformly bounded in norm, it defines an operator a on B(H). This operator is said to be decomposable and is written as a = ⊕ X a x dµ(x). Its norm is ess-sup a x .
The following lemma is strongly reminiscent of Tomiyama's well-known theorem on conditional expectations. The proof is nearly identical to [Bla06, II.6.10.2].
Lemma 3.2. Let A be a C * -algebra, I a closed two-sided ideal in A, and ψ : A → A a bounded linear idempotent map with ψ(A) = I. Then ψ is a I-module map.
Proof. Assume I is generated by its projections. Let p be a projection in I and let q = 1 − p. Let λ be in R. Because ψ is idempotent, it fixes all elements in its image; in particular, ψ(pψ(x)) = pψ(x) and ψ(qψ(x)) = qψ(x) for all x ∈ A. Also, since px + λqψ(px) is in I for all x ∈ A, all of them are fixed by ψ. We have, for all x ∈ A,
Thus (1 + 2λ) qψ(px) 2 ≤ px 2 for all λ ∈ R, which implies qψ(px) = ψ(px) − pψ(px) = 0, or ψ(px) = pψ(px). An identical argument, exchanging p ′ s and q ′ s in the above inequalities, implies qψ(qx) = ψ(qx). An easy calculation then shows that ψ(px) = pψ(x). Replacing px by xp in the inequalities above, we obtain ψ(xp) = ψ(x)p. Because I is generated by its projections, we conclude that ψ(bx) = bψ(x) and ψ(xb) = ψ(x)b for all b ∈ I and all x ∈ A. The general case reduces to this case by applying the results above to the normal bounded linear map ψ * * on A * * , because I * * is an ideal in A * * and ψ * * is idempotent with ψ * * (A * * ) = I * * ([Bla06, III.5.2.10]).
Theorem 3.3. Let S be a separable concrete operator system generating a C * -algebra A, and suppose A ′′ is injective. Suppose every factor representation of A has the UEP relative to S. Then S is hyperrigid.
Proof. Let ρ : A → B(K) be a faithful representation of A. To prove that S is hyperrigid, we must show that id | ρ(A) has the UEP relative to ρ(S). Let E : B(K) → ρ(A) ′′ be a conditional expectation. Let γ : B(K) → B(K) be a ucp map such that γρ(s) = ρ(s) for all s ∈ S. We will show that γ is multiplicative on ρ(A), under the assumption that every factor representation of ρ(A) has the UEP relative to ρ(S). This is sufficient to show that id | ρ(S) has the UEP. Consider the commutative von Neumann algebra M := Z(ρ(A) ′′ ). Since it acts on a separable Hilbert space, there is a weak* dense unital commutative C * -subalgebra M 0 of M . Let X be the spectrum of M 0 , so that M 0 ∼ = C(X). There is a probability measure µ on X such that M ∼ = L ∞ (X, µ). This gives us a disintegration K = ⊕ X K x dµ, and the identity representation of ρ(A) ′′ may be decomposed as Ped79, 4.12] ). After discarding a set of measure zero from X, the resulting set (which we still call X) has the property that each π x | ρ(A) is a factor representation of ρ(A). Since Eγρ(A) is contained in ρ(A) ′′ , we may write
for all a ∈ A. Note that π x ρ is a factor representation of A for all x ∈ X. Now γρ| S = ρ| S means that π x Eγρ| S = π x ρ| S for a.e. x ∈ X. Because we assumed that every factor representation of ρ(A) has the UEP, we conclude that π x Eγρ = π x ρ for a.e. x ∈ X; from this it follows that Eγρ = ρ.
Let D be the C * -algebra C * (γρ(A)). The algebra D contains ρ(A) as a subalgebra: we have ρ(S) = γρ(S) ⊆ γρ(A), and so ρ(A) = C * (ρ(S)) ⊆ C * (γρ(A)) = D. Let δ be the ucp map E| D ; we claim that δ is a surjective * -homomorphism from D to ρ(A). We showed above that
For any a ∈ A, applying (3.1) and Kadison's inequality several times, we have
We see that δ(γρ(a * )γρ(a)) = δγρ(a * )δγρ(a) for all a ∈ A. A standard argument about multiplicative domains (see, for example, [Pau02, Theorem 3.18]) shows that this further implies that δ is a * -homomorphism on D, and it is clearly surjective. We will now show that δ is also injective. Consider the bounded linear map (1 − δ) : D → D, sending x ∈ D to x − δ(x). It is idempotent, because δ, as the restriction of the conditional expectation E to D, is idempotent. If b is in ker δ, then (1−δ)(b) = b. This means ker δ ⊆ im (1−δ). If b = (1 − δ)(y) for some y ∈ D, then δ(b) = δ(y − δ(y)) = 0, so im (1 − δ) ⊆ ker δ, and we conclude that (1 − δ)(D) = ker δ. Let d be any element of ker δ and let x ∈ ρ(A) be invertible. Because the image of δ is ρ(A), there exists y ∈ D such that x = δ(y). Since yd is in ker δ, it is fixed by (1 − δ). On the other hand, Lemma 3.2 implies that (1 − δ) is a ker δ-module map. Thus (1 − δ)(yd) = (1 − δ)(y)d = yd − δ(y)d. Together, these facts imply that δ(y)d = xd = 0. Because x is invertible, we conclude d = 0. Thus ker δ = {0} and so δ is a * -isomorphism. From (3.1), we see that γρ(x) = δ −1 ρ(x) for all x ∈ A. For any a, b ∈ A, we have which is what we wanted to show.
One easy consequence of the proof above is that if A is separable and nuclear, S is hyperrigid if and only if every factor representation has the unique extension property.
Proof of the Main Theorem.
A direct sum of representations with the UEP must also have the UEP ([Arv11, Proposition 4.4]). For a Type I C * -algebra, every factor representation is a multiple of an irreducible representation ([Bla06, IV.1.3.]), so if every irreducible representation is a boundary representation for S, then every factor representation has the UEP. Also, since all Type I algebras are nuclear, we have A ′′ is injective, and the claim now follows from Theorem 3.3.
